I. Introduction
Artificial satellites offer a powerful method of investigating the Earth's gravitational field, since several of the orbital perturbations caused by the non-spherical components of the Earth's field can be measured very accurately. The orbit of a satellite in Z I~C U O about an isolated, spherical Earth would be an exact ellipse of fixed size and shape, lying in a plane fixed in direction relative to the stars, and the orientation of the ellipse in its own plane would not change. This ellipse is perturbed in various ways when the higher harmonics in the Earth's gravitational potential are taken into account. The most important perturbations are two secular changes, a steady rotation of the orbital plane about the Earth's axis (regression of the nodes), and a rotation of the major axis of the orbit in its own plane. From these rotations, which can be accurately measured, several of the even harmonics in the Earth's potential have already been evaluated. In addition there are short-period orbital variations in the course of one revolution, which have so far proved too small to measure, and longer-term oscillations whose period is of the same order as the period of rotation of the major axis (at least 20 days). These latter oscillations have indicated the magnitude of the third and fifth harmonics.
It is fortunate that, to a first approximation, these gravitational perturbations to the orbit do not become confused with other perturbations, such as those due to the atmosphere and the Moon, which are either different in kind or very much smaller. For example, the main effect of the atmosphere is to make the orbit contract and become more circular; its effect on the rotation of the orbital plane is almost negligible. In an accurate analysis a few of these minor perturbations have to be taken into account, but since they are so small, their values do not need to be known very precisely ; the corrections can be made without introducing significant error. 4 D. G. King-Hele I n this paper the methods for evaluating the later harmonics from satellite orbits are sketched, previous results are summarized, and a new determination of the second, fourth and sixth harmonics is made from the orbits of Sputnik 2, Vanguard I and Explorer 7.
. Gravitational potential
The appropriate general form for the gravitational potential U due to a nearly spherical body such as the Earth, at an exterior point distant Y from the centre, is a n expansion in terms of spherical harmonics &(O, 4):
where O is taken as the angle between the radius vector and the Earth's axis (the co-latitude), 4 is the longitude and the A, are constants.
As a result of the Earth's rotation, satellites tend to sample all longitudes impartially, and it is therefore unlikely that they will reveal the variation of the potential with longitude. (The only exceptions to this rule (A. H. Cook 1960) are satellites with periods near 24 hours, but so far there have been none of these.) Consequently it is, for the present, permissible to write the potential as if it were independent of longitude. Equation ( I ) may then be expressed more explicitly in terms of Pn, the Legendre polynomial of order n, as where G is the gravitational constant, M the mass of the Earth, and R the Earth's equatorial radius. ( R = 6378.1 f 0.1 km, and GM/R = 62'494 rf: 0.001 kmZ/s2.)
The Jn are constants whose values are to be determined, and J1 is zero if the equatorial plane is chosen to pass through the Earth's centre of mass. The explicit forms of the first five relevant Legendre polynomials are: The more familiar form for the gravitational potential, in terms of the second and fourth harmonics only (Jeffreys 1952) ,
35 r5 is not sufficiently general now that the coefficients of further harmonics can be evaluated, and equation ( 2 ) seems the most appropriate generalization of it, the choice of the symbol J being intended as a tacit tribute to Sir Harold Jeffreys.
The coefficients J and D are related to J 2 and J4 as follows: The Earth's gravitational potential deduced from the orbits of artificial satellites 5 It wil1,be recalled that, before the advent of satellites, only the coefficient of the second harmonic had been adequately determined, the most generally accepted value (Jeffreys 1952) being J = I 637 x 10-6 (i.e. J2 = I 091 x 10-6). The coefficient D was given a conventional value of 10.6 x 10-6, chosen to make the meridional section of the geoid an exact ellipse.
Method of finding the Jn from satellite orbits
The equations of motion of a satellite moving in the gravitational field specified by (2) can readily be written down, and, not so readily, integrated to give the orbital perturbations as functions of the Jn and of the orbital elements, namely a the semi major axis, e the eccentricity, i the inclination of the orbit to the equator, and w the argument of perigee (see Figure I for diagrammatic definitions). Thus, Since the Jn are of order 10-6 for n > 2, it has so far only been necessary to evaluate the terms in the first series, together with theJ22 term in the second series. -5J5 4 (7) e (r--f+--fZ)+ 2 wherep = a (~ -eZ),f = sin% TN by means of the equation
The value of a can be found from the nodal period
In these equations the orbital elements, a, e and i, are to be taken not as osculating elements but as certain mean elements. The need for an exact definition of the elements only arises in the J22 term, whose form is completely different 8, for The Earth's gravitational potential deduced from the orbits of artificial satellites 7 example, osculating elements evaluated at the ascending node are used. The J22 term in f l , given above, that derived by , has subsequently been verified under more stringent assumptions by Message (1960) and Merson (1960) , who discusses the question in more detail.
It will be noted that some of the terms in equations (5) and (6) are not strictly "secular", since they contain the periodic factors cos w , cos zw, etc. It is desirable to include them in the same formulae, however, partly for the sake of completeness and partly because w may change by only a small fraction of a cycle during the lifetime of a satellite, thus allowing the long-period terms to masquerade successfully as secular terms.
Of the other orbital elements, the semi major axis a remains constant, apart perhaps from a term of order Jzze, primarily because it represents the constant in the equation for conservation of energy, while the eccentricity and inclination, e and i, undergo no secular variation (if "secular" is interpreted strictly), but do exhibit long-period oscillations. Since a is effectively constant, the oscillation in e can most easily be visualized as a change in the perigee distance from the Earth's centre r p = U ( I -e). The appropriate formulae for i and r p , as given by Merson (1960) are:
when suffix o denotes values when w = 0.
Equations (5)- (8) can be utilized in various ways. Ideally, perhaps, all the equations should be applied to all observed orbits, with suitable weighting according to the accuracy of the orbital determinations; from the resulting mass of equations a set of "best values" of the Jn could be obtained. In practice the equations have, so far, been used in a piecemeal fashion, and applied only to the best-determined orbits: but the results are probably almost as good as would be obtained from the ideal process.
For an orbit with a rapidly rotating major axis, the periodic terms in equations The strictly secular terms in equations ( 5 ) and (6) can be utilized to evaluate the even Jn. The contributions of the odd Jn to equations ( 5 ) and (6) are small, because of the existence of multiplying factors of the form esin w, etc., which are of order 0.1. If the odd-Jn terms are still appreciable, their influence can be further reduced by choosing a time interval during which the mean value of sin w is small. Consequently, the J 3 and J 5 terms in ( 5 ) and (6) T o sum up, therefore, equations (7) and (8) and the periodic terms in ( 5 ) and (6) serve to determine the odd Jn, while the secular terms in equations (5) and (6) give the even Jn. When accurate satellite orbits become available as a matter of routine, it should be possible to evaluate a large number of the Jn.
T h e observed values for use in these equations must of course be purged of any contributions from other sources of perturbation. Three such sources which deserve notice are the effects of the atmosphere, the Sun and the Moon. G. E. Cook (1960) has shown that for an oblate, rotating atmosphere of ellipticity E, in which air density p varies exponentially with height y, so that p oc exp( -&), the changes in 52 and w due to aerodynamic forces, A R A and AwA, say, may be expressed in terms of the change Aa in the semi major axis by the equations A s l~ I2-2eI1+ cI4 cos 2w Td Asin 2w
where c = -&a(I -e ) sinzi, T d = orbital period, expressed as a fraction of a sidereal day, A = angular velocity of the atmosphere divided by the angular velocity of Earth, and I . is the Bessel function of the first kind and imaginary argument, of order n and argument Bae. Values of R A and l r i~ for a particular satellite can be found on multiplying each of equations (10) by the known values of du/dt for that satellite. Kozai (1g59b) has given the contributions to and i, resulting from the Moon's attracton, A Q , M and AUM say, in the form:
The Earth's gravitational potential deduced from the orbits of artificial satellites 9 where nM is the angular velocity of the Moon, n that of the satellite, m M denotes the ratio of the Moon's mass to the Earth's, and b2 = + sin2J'( I + COS~E') + sin%' cos2J' (12) E' being the obliquity of the ecliptic, and J' the inclination of the Moon's orbit to the ecliptic. Values for the solar perturbations, suffix s, which are about half those due to the Moon, can be obtained from equations (11) by putting m M = I , J' = 0, and changing n~ to n,.
Equations (10) and (11) These contributions to k and &, which are usually of the same order zs the observational errors, or smaller, must be subtracted from the observed values of Q, and cj before the latter are substituted into equations ( 5 ) and (6). As far as is known, the other perturbations to the orbit, due to relativity effects (Krause 1956 electromagnetic forces, the effects of the planets (King-Hele 1958) and solar radiation pressure (Musen 1960) are negligible, to the order of accuracy so far achieved.
Previous determinations of Jn

Odd values of n
The value of J3 was first determined from the orbit of Vanguard I : it was found that the perigee distance from the Earth's centre oscillated with a period of about 80 days, almost equal to the period of rotation of the major axis, and an amplitude of about 4km. O'Keefe, Eckels and Squires (1959a), applying equation (8) with J4 and J5 zero, deduced that J3 = (-2.4 0.2) x 10-6. An independent analysis by Kozai (1959a) , using also the variations in i, w and 51, and at the time of writing these values stand as the best available for J3 and J5, though Sir Harold Jeffreys (private communication) contends that the standard deviations should be smaller. Recently Zhongolovitch (1960b) has succeeded in obtaining an approximate value of J3, of (-2 f 3) x 10-6, from Sputniks I, 2 and 3, while Cohen & Anderle (1960) have verified the value of J3 with the aid of the Transit IB satellite.
Even values of n
In the first six months of 1958 it was noted that the values of fi obtained from the satellites Sputnik 2, Explorer I, and Vanguard I were all rather lower than would be expected if Jz had the value I 091 x 10-8, and various authors (Buchar 1958 , Harvard 1958 ) derived values of Jz, ranging between I 082 x 10-6 and I 086 x 10-6, by taking J4 as either zero or a conventional value.
On combining the values of fi from Sputnik 2 (inclination 65') and Van- guard I (i = 34"), Jacchia (1958) obtained Jz = I 082.7 x 10-6 and J4 = -2 x 10-6, and King-Hele (1g59a) found J2 = I 083.3 x 10-6 and J4 = -I x 10-6. The values obtained in equations (14) and (IS) are derived from independent observational values, for different satellites. The close agreement between them is highly satisfactory, and suggests that the neglect of later terms in the series expansion of the potential is probably not causing serious errors.
These previous results have been reviewed with fuller reference to their geophysical implications by A. H. Cook (1959) and Bomford (1960) .
Recently, Zhongolovitch (1960b) , using and &I from Sputnik 2, Sputnik 3 and its rocket, ignoring J6 but taking account of the JzZ terms, has obtained the following values : JZ = (I 083.3 ? 0.7) x 10-6 J4 = (-&1f0.7)~10-6.
His value of J4 differs significantly from those of equations (14) and (IS).
(The results of two further evaluations of the Jn became available after this paper had been written, too late to be commented upon in Section 6. Kozai (1960) found The Earth's gravitational potential deduced from the orbits of artificial satellites Since the spread of inclination within each of these four groups is less than so, it seems advisable not to choose two satellites from the same group but to select the best satellite from each group. In the first group the satellite whose orbit is best determined is Vanguard I . In the second group, the five satellites resulting from the Tiros and Transit launchings in April 1960 must be excluded because they have not yet been in orbit long enough, and Explorer 6 because it was lost before the end of 1959. That leaves Explorer 4, Explorer 7 and its rocket: of these, Explorer 7
is to be preferred, since it has been well observed, both optically and by radio, and its orbit is little affected by the atmosphere. In the third group, the Russian satellites, Sputnik 2 has been chosen, since it has the best-established orbit. The fourth group consists of the Discoverer satellites, and unfortunately none of these has had a long enough lifetime to be entirely suitable for use in determining the Jn. The best results would be likely to come from Discoverer 6 or Discoverer 5 capsule.
and Explorer 7
Better values of the even Jn can usually be obtained from The Earth's gravitational potential deduced from the orbits of artiffcia1 satellites 13 51~~026, the zenith distance was less than IOO, the estimated standard deviation in direction oO.1 (leading to s.d. of oO-01 in i), and the satellite was within O~-O O I of its maximum latitude north, X say. The values obtained for X were 50O-274 and 50"*265, so that it seems legitimate to take X = 50O.27 & oo-01. Also, since X differs from the smoothed inclination i by only J2e(~)2sinicosi(cos w+sin w ) 2: O".OOI (Merson 1960) , i may be taken equal to A. The value of 50°'27 for i is the same as that given by Space Track up to February 1960. Subsequently, however, values of i between 50O.29 and 50°'31 have been quoted by the U.S. prediction centres, and since there seems no reason for a secular increase in i, these subsequent values ought perhaps to be allowed to throw some semblance of a shadow before them. For the purposes of calculating the Jn, therefore, the value of i already quoted, i = 50O.27 k o O . 0 1 , has been deliberately degraded in accuracy, and taken as i = 50'-28 & oO.02, leading to an error factor of ( I +0.0004) in cos i." (IS)
Results
Solving the simultaneous equations (16) 
I Js = (0.9 & 0.8) x 10-6 It is noteworthy that the above values are consistent with the previous values, equation (14) , which made use of a different satellite, Explorer 4.
Discussion
I. The Earth's flattening
If the Earth's sea-level surface were an exact spheroid, the flatteningf' of the Earth, defined as the difference between the equatorial and polar diameters, divided by the equatorial diameter, would be given by the equation 
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D. G. King-Hele the flattening is rather an outmoded concept; but it is still perhaps useful as a rough yardstick which brings a touch of reality into the mathematical abstractions of the potential.
The accuracy of the results
The errors caused by the neglect of the terms in J7, Js, ... are unknown: it cannot be proved that the cumulative effect of these terms is negligible. It is, however, intrinsically unlikely that any of the higher Jn is large: this would call for a bizarre variation of mass with latitude, which there is no reason to expect.
Furthermore, the three sets of values of the even J's given in equations (14), (IS) and (19) depend upon completely independent measurements-a for Explorer 4, fi for Explorer 7, and for Vanguard I-and yet give consistent results, despite their neglect of the higher-order Jn. One might hope therefore that the errors incurred by neglecting the higher Jn do not greatly exceed the quoted standard deviations stemming from the observational errors. The Jn are a tempting target for the application of Occam's Razor: the way to progress here, it seems, is to take the simplest hypothesis consistent with the facts, though in the foreknowledge that it may later be modified. The question-mark created by the neglect of the higher Jn will remain even when both theory and observation have been greatly improved, and many more of the Jn have been evaluated. Indeed, the higher the accuracy of the determinations, the more boldly the question-m.ark will stand out. The only way to avoid it would be to invent a new mathematical form, quite different from equation ( could be invoked to support either of two conflicting hypotheses: (i) that the Jn quickly become smaller as n increases; or (ii) that Jn is likely to be of order 0.2 x 10-6, however large n becomes. Sir Harold Jeffreys (private communication) has however pointed out that hypothesis (ii) is untenable since the sum of the squares of the terms on the r.h.s. of equation (2) would be infinite, and he argues from considerations of continuity that the Jn should decrease at least as fast as Iln.
It seems fair to say, in conclusion, that the standard deviations in equations (21) are as realistic as such estimates ever can be in our inevitable ignorance about future discoveries which would influence our views. Even if the errors are rather larger than quoted, the evaluation of so many of the Jn in the last two years has represented something of a quantum jump in the process of advance from the first determinations of Jz, by Newton, Maupertuis and La Condamine, to the day when the values of the Jn will have to be revised after every major earthquake.
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